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This paper will investigate the dimension of the kernel of a compact starshaped set, and the 
following result will be obtained: For each k and II, 1 G k < n, let f(n, n) = n + 1 and f(n, k) = 2n 
if 1 G k G n - 1. Let S be a compact set in some linear topological space L. Then for a k with 
1 G k G 11, dim ker S 2 k if and only if for some E > 0 and some n-dimensional flat F in L, every 
f(n. k) points of S see via S a common k-dimensional e-neighborhood in F. If k = 1 or if k = n, 
the result is best possible. Furthermore, the proof will yield a Helly-type theorem for the 
dimension of intersections of compact convex sets in W. 
1. Introduction 
Let S be a subset of some linear topological space. For points x and y in S, we 
say x sees y via S if and only if the corresponding segment [x, y] lies in S. The set 
S is called stars/raped if and only if there is some point p in S such that, for every 
x in S, p sees x via S. The set of all such points p is called the (convex) kernel of 
S. 
This paper continues a study begun in [l] and [2] concerning the dimension of 
the kernel of a starshaped set. A theorem of Krasnosel‘skii [6] states that for S a 
compact set in R”, S is starshaped if and only if every n + 1 points of S see a 
common point via S. (Refer to [7, pp. 82-861 for illustrative figures and discus- 
sion.) Krasnosel’skii’s theorem may be generalized as follows: If S is a compact 
set in some linear topological space L, then S is starshaped if and only if for some 
n-dimensional flat F in L, every n + 1 points of S see via S a common point of F. 
In [2], an analogue of Krasnosel’skii’s theorem was obtained for sets whose kernel 
is at least k-dimensional, 1~ ksn, and the purpose of this paper is to improve 
that earlier result. To accomplish this, a Helly-type theorem for the dimension of 
intersections of compact convex sets is required. 
As in [2], the symbols conv S, cl S, int S, rel int S, bdry S, rel bdry S, and ker S 
will denote the convex hull, closure, interior, relative interior, boundary, relative 
boundary, and kernel, respectively, of the set S. If S is convex, dim S will 
represent the dimension of S, and dist will denote the Euclidean metric for R”. 
The reader is referred to Valentine [7] for a discussion of these concepts. 
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2. The results 
We begin with the following Helly-type theorem concerning the dimension of 
intersections of compact convex sets in R”. 
Lemma. For each k and n, 1s k s n, let f(n, n) = n + 1 and f(n, k) = 2n if 1 G k s 
n - 1. Let 53 be a uniformly bounded collection of compacl convex sets in I%‘. Then for 
a k with 1 C k s n, dim n {B : B in !%R) 2 k if and only if for some E > 0, every f( n, k) 
members of 53 contain a common k-dimensional e-neighborhood. 
Proof. Clearly the necessity of the condition is immediate, and we need only 
establish its sufficiency. Let ?73 be a uniformly bounded collection of compact 
convex sets such that, for some E >O and some k, 1 G k =S n, every f(n, k) 
members of 3 contain a common k-dimensional e-neighborhood. As a prelimi- 
nary observation, notice that every f(fi, k) 3 n + 1 members of $?3 have a nonempty 
intersection. Therefore, by Helly’s theorem in R”, n{B: B in $58) #g. 
We begin the proof with the case for k = n, using an argument from [2, Lemma 
11. To each B in ?%, define the associated set B’={x: x is the center of a full 
n-dimensional e-neighborhood in B}. By hypothesis, every n + 1 of the compact 
convex sets conv B’ have a nonempty intersection, so by Helly’s theorem in [w”: 
n{conv B’ : B in 9) # $4. Select z in this intersection. Using CarathCodory’s 
theorem for each B’, since z E conv B’, z is in the convex hull of n + 1 or fewer 
points in B’. Moreover, since every point of B’ is the center of an n-dimensional 
e-neighborhood in B, it is easy to show that z itself is the center of an 
n-dimensional e-neighborhood in B for every B in 3. Thus dim n {B: B in 
a}= n, and the argument is finished. 
To establish the general result for arbitrary k, 1 c k G n, we proceed by 
induction on the dimension of our space. If II = 1, then k = 1, and by the 
argument above for k = n, n {B: B in 9) contains an e-interval. Therefore we 
may assume that the result is true for natural numbers less than n, 2~ n, to prove 
for n. If k = n, the result is immediate, so assume that 1 <k <n. Then every 2n 
members of S contain a common k-dimensional e-neighborhood. 
This portion of the proof will require the Hausdorff metric d on compact 
convex subsets of R”. That is, if A, = {x: dist(x,A) < p}, then for A and B compact 
and convex, 
d(A,B)=inf{p:AG(B), and Be(A),, P>O). 
Consider the Hausdorff metric d defined on the set %i, and let V denote the 
d-closure of %I. Here we digress to establish several properties for the family %. 
Clearly since %i is uniformly bounded, 53 lies in an n-sphere of finite radius, so % 
must be bounded with respect to the Hausdorff metric. Also, arguments similar 
to those in Valentine [7, pp. 37-391 reveal that each member of % is compact, 
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convex, and nonempty. In fact, for w E l-j {B: B in a}# $3, clearly w E n {C: C in 
%}, so f-j {C: C in %}# 8. 
Furthermore, we will show that every 2n members of V contain a common 
k-dimensional e-neighborhood: Select C,, . . . , C2,, in V, and for 1 S i =~2n, let 
{S,,,} denote a sequence in 93 converging to Ci. Then for each m, n {Bi,: 1 S i d 
2n) contains a closed k-dimensional e-neighborhood E,,,. By standard arguments, 
some subsequence of {E,,} converges to a compact convex set E, and without loss 
of generality, we assume that {E,} converges to E. We assert that E is a 
k-dimensional e-neighborhood contained in n {Ci : 1 s i G 2n). 
To see that E is a full k-dimensional E-neighborhood, for each m let c, denote 
the center of E,,, and select k points urnI, . . . , u,,,~ in rel bdry E, such that the 
vectors emanating from c,,, through u,,,, ,..., u,,,k are mutually orthogonal. Consider 
the sequence of (k + l)-tuples {(c ,,,, u,,,~, . . . , r&k): in arbitrary}. By a standard 
sequence argument, some subsequence {(cl,,, ul,,, . . . , i&k)} converges to a 
(k + I)-tuple (c, ui, . . . , ok), where c, u,, . . . , uk belong to E. Moreover, the 
vectors emanating from c through ui, . . . , uk necessarily are mutually orthogonal, 
and hence E is indeed a full k-dimensional. Further, considering linear combina- 
tions of the vectors from c through u,, . . . , uk, it is easy to show that E will be 
that disk in aff E whose center is c and whose radius is E. 
Finally, to show that E G n (Ci: 1 s i s 2n}, select a sequence {p,,,} of positive 
numbers converging to zero so that for 1 s i s2n and for every m, d(E,,, E)<p,, 
and d(B, ,,,, Ci)< p ,,,. Then for each m, 
But if x E (fIi Bint)p,,,, then dist(x, B,,,) < p,,, for every 1 S i s 2n, so x E ni (Bi,n)p,. 
Hence, for every in, 
E E Cl (Bin, h ., G n t(G),,,),,, = fl (G),,,; I i I 
But lim(p,,,) = 0, so 
E c n {(Ci),,” : 1 s i s 2n, m arbitrary} = n {Ci : 1 G i s 2n}, 
and our assertion is established. 
Continuing our argument, if dim n {C: C in %} = n, then since 93 c_V, 
dim n {B: B in 93) = n, and the proof is complete. Otherwise, O~dim n {C: C in 
%}< n. Thus % is a bounded, d-closed collection of compact convex sets in R”, and 
n {C: C in %‘} is a nonempty set of dimension less than n. Therefore, by a result 
of Falconer [4, Theorem 11, there exist r sets D1, _ . . , 0, in % whose intersection 
has dimension q, for some q < n and r S 2(n -4). 
Furthermore, by a theorem of Katchalski [5, Theorem a], since V is a family of 
convex sets in R” and every 2n members of V have at least a k-dimensional 
intersection, every finite subfamily of % has at least a k-dimensional intersection. 
Therefore, since dim n {Di : 1 G i c r} = q, it follows that q 3 k. 
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Let G denote the q-dimensional flat in IF!” determined by n {Di : 1~ i < r}. We 
will show that every 2q of the sets in V meet in a k-dimensional e-neighborhood 
in G. (Recall 1 Sk d q <n.) Otherwise, for some 2q sets D{, . . . , D$, in %:, no 
common k-dimensional e-neighborhood would lie in G. But then D1,. . . , D,, 
D;, . . . , D& would yield a collection of at most r + 2q =Z 2n members of (e whose 
intersection could contain no k-dimensional e-neighborhood, violating a previous 
comment. We have a contradiction, and every 2q members of V indeed meet in a 
k-dimensional e-neighborhood in the q-flat G, the desired result. 
Therefore, since S s%, every 2q members of 93 meet in a k-dimensional 
e-neighborhood in G. Since 19 k s q, q + 1~ 2q, and hence every f(q, k) mem- 
bers of 8 meet in such a neighborhood. Then {B n G: B in 93) is a uniformly 
bounded collection of compact convex sets in the q-flat G, and every f(q, k) 
members of this collection contain a common k-dimensional e-neighborhood. 
Since q < n, we may apply our induction hypothesis to conclude that 
dimn{BnG:B in 9}3k. 
This implies that 
dimn{B:B in 93}3k, 
completing the inductive argument and finishing the proof of the lemma. 
The referee has remarked that the lemma may be generalized from [w” to a 
linear topological space L, and this may be done using standard arguments. 
It is interesting to notice that the uniform bound of E in the lemma is required, 
as the following example reveals. 
Example 1. Let 5% be the collection of triangular regions 
Ci = conv{(W), (j, 0) (f, l)}, 16 j, 
in the plane. Then every finite subset of ‘3 has a 2-dimensional intersection in C, 
and has a l-dimensional intersection on the x axis. However, n {Ci: 1 s j} is the 
origin. The example may be adapted to appropriate simplices in [w”. 
The lemma yields the following analogue of Krasnosel’skii’s theorem. 
Theorem. For each k and n, IS ksn, let f(n, n)= n+l and f(n, k) =2n if 
1 d k s n - 1. Let S be a compact set in some linear topological space L. Then for a 
k with 1 s k s n, dim ker S 2 k if and only if for some E >0 and some n- 
dimensional flat F in L, every f(n, k) points of S see via S a common k-dimensional 
e-neighborhood in F. If k = n or k = 1, the result is best possible. 
Proof. The necessity of the condition is obvious. To establish its sufficiency, for 
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each point y in S, we associate the set 
A, ={x: x in F and [x, y]sS}, 
and let B, = conv A,,. Then 9 = {B, : y in S} is a uniformly bounded collection of 
compact, convex sets in F. Every f(n, k) members of 93 contain a common 
k-dimensional e-neighborhood, so by our lemma, dim l-j {B, : y in S}Z k. But by 
a proof of Krasnosel’skii’s theorem [3, Theorem 2.51, n {B,: y in S}G ker S, so 
dim ker S 2 k, the desired result. 
Example 1 of [2] reveals that the number f(n, n) = n + 1 is best possible. 
Furthermore, a construction by Katchalski [5, Theorem b, Case l] may be 
appropriately adapted to show that the number f(n, 1) =2n is best, as the 
following example illustrates. 
Example 2. Let F be an n-dimensional subspace of [W”+i, D the closed n- 
dimensional unit ball in F centered at the origin. Using the component represen- 
tation 2 = (zi, . . . , z,) for a point in F, define 
Ai={z:z in F, zi30}nD, 
Ai+n = {z: z in F, zisO}nD, lsi<n. 
Select points xi, . . . , x2” in IV’+’ -F so that for every 1 G i < n, xi and xi+,, are in 
opposite open halfspaces determined by the hyperplane F and so that for 
1 G i <2n, the closest point of F to xi is relatively interior to Ai. Finally, define 
Bi = conv(xi U A,), 1 s i G 2n, and let S = IJ {Bi: 1~ i s 2n). It is not hard to show 
that if p sees every point of B, U Bi+, via S, then p necessarily lies in F. 
Therefore, ker S E F. Clearly every 2n - 1 points of S see via S a common interval 
in F having length 1, yet (ker S) fl F = ker S is the origin. 
Moreover, similar adaptations of Katchalski’s examples [5, Theorem b, Cases 1 
and 21 reveal that for 1~ k < n, the best bound is no smaller than max(n + 1,2n - 
2k +2). 
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